Base Case (All Loads, Banking)

Introduction

Thus far, we have considered separately the effects of the vertical force W+, turning forces T, and Tg, road
banking through an angle o, acceleration force A, braking force B and other loads such as Ballast, Driver,
Fuel and Aerodynamic. We now will bring all these loads together and write the equations describing the
system. At this stage all loads are present, the magnitude and location of the CGs for all loads are known,
the geometry (track and wheel base) is set and all types of suspension components are included in the
model.

Model Equations

[1] Py +P,+P3+P,=W;Cosa+ (T_+ Tg) Sin a + (Ba + Dr + Fu) Cos a + Ae
[2] Pit; — Pty + Psts — Puty = [-RI{(Wr Sin o — (T, + Tr) Cos o) zr — (Wr Cos o + (T, + Tr) Sin o))yt
(Bazg + Drzp+ Fuzr + Ae zp) Sino —(Bayg + Dryp + Fu yg) Cos o +
Ae ya}
[3] Pil; + Poly — Paly — Pyly = (Wr Cos o + (T, + Tg) Sin a) Xy

+ (B-A) z7 + (Ba xg + Dr xp + Fu xg) Cos a. + Ae Xa

[4] P1 = KiVi — Mrikgedr = MKy (D1 + MiRe1) + Mrikre (Dri + MriRet) + Msi(fst + fspr) + Wiy
[3] P2 — KoV + Mrokredr = MoK, (D + M2Rcy) + MroKrr (Dro + MroRc2) + Msa(fsy + fspa) + Wy
[6] P3 — K3V3 — Mgskrrdr = M3ks (D3 + MgRcs) + Mrskrr (Drs + MrsRes) + Msa(fss + fsps) + Wis
[7] Py — KgVy + Mrgkrrdr = Myky (Dg + MyRcq) + Mrakrr (Dra + MraRcq) + Msy(fsy + fsps) + Wiy

[8] C1V1+02V2+C3V3+C4V4:0
[9] Vl—Vz—GdR:O

Matrix Formulation

As shown previously, this system of equations can be written in matrix form, A X = B, with

1 1 1 1 0 0 0 0 0
t, -t t -t 0 0 0 0 0
I, P 0 0 0 0 0
E, O 0 0 -K; 0 0 0 Kry
A= 0 E, 0 0 0 -K, 0 0 Kg,
0 0 E, 0 0 0 - K, 0 Krs
0 O 0 E, 0 0 0 -K, Kz
o 0 0 0 C C, C , 0
0o 0 0 0 1 -1 0 0 -G
where
Ei=1 fori=1...4

Ki=mi2ki fori=1...4



where

Kri = —Mpiker  Kro = Mrokre Krs = —Mgskrr  Kra = Mrakrr
C; = Compatibility coefficients

__Ntyo
YR1tTYR2
P, oL
P, B2
P, Bs
P, By
X =<V and B=1B;s
Vv, Bg
V3 B~
Vv, B
dg B,

B;=W; Cosa+ (T, + Tg) Sin a + (Ba + Dr + Fu) Cos o +Ae

B, = [—R]{(WT Sino — (TL + TR) Cos OL) Zt — (WT Cosa + (TL + TR) Sin (X) YT
(Bazg + Drzp + Fu zr + Ae za) Sina —(Bayg + Dryp + Fu yg) Cos o + Ae ya}

B;= (WrCosa + (T + Tg) Sin a) xr + (B-A) z1 + (BaXg + Dr Xp + Fu xg) Cos a. + Ae ya
Bs = myky (D1 + MiRc1) + Mrikrr (Dri + MriRcer) + Msy(fsy + fspr) + Wiy

Bs = mak (D2 + MaRc2) + MroKrr (Drz + MrzRe2) + Msy(fsa + fspy) + Wi

Bg = M3ks (D3 + M3Rc3) + MrsKrr (Drs + MrsRea) + Msa(fss + fsps) + Wys

By = myky (Dy + MsRes) + MryKrr (Dra + MraRes) + Msa(fss + Topa) + Wys

Bg=0

By =0

[-R] = Use negative sign for right turn

Solving this system of equations, X = A™ B, results in 4 wheel loads, 4 spring deformations and one roll
bar distortion.

P1, Py, Ps, Py, V1, V2, V3, V4, dr

The wheel loads are used to calculate left, rear and wedge bias (B, Bgr, Bw).

=P1+P3 BR:P3+P4

BL 2773
Wo Wy Wy



With known geometry (spring co-ordinates x and y), the wheel motions are used to determine the co-
ordinates of midpoints A, B, C and D.

Mid-Point Co-ordinates

A B C D
YiX2 t¥oX1 Y3Xq +Y4X3
Yi+Y 0  yatyg 0
0 _X2Ya+XaY2 0 X1¥3 + X3Y1
Xo + Xy X1+ X3
YiVo +Y,Vs XV, + X,V YaVa + Y.V, X\Vs + XV,
Yit Y, Xy + X, Yst+ Y, X+ X3

Note: x; and y; are the co-ordinates of tire contact points and V; are the vertical wheel
movements

These midpoint co-ordinates will be used to find the equation for the plane of the wheel locations.
AAx+BBy+CCz+DD=0

Where
AA =Y, Vo -y, Vi+ye (Vi—Vy) —Zc(yi—Y2)

BB = — X;Vo+ XV — Xc (Vl — Vz) + ZC(Vl - Vz)
CC =Xqyy2 — Xay1 + Xc (Y1 — Y2) + Ye(X2 — X1)
DD = X¢ (Y12 + Yo01) + Yo (X102 — X 0h) + Zc (Y1 X2 — Y2 X1)

The equation of the plane is used to determine ride changes at the ride points. We substitute the co-
ordinates X, and y, for each ride point into the equation of the plane to find its change in elevation, z,.

DD - AAx, - BBy,
Zr = cC

Wheel Motions are also used to find vertical displacements at the wheel midpoints, da, dg, dc, dp, for a
given geometry, and then to determine the chassis motion components: squat, pitch and roll. First, we find
the change in ride for the origin (x =0and y = 0).

_-DD-AA(0)-BB(0) _ DD

dy=z
0=%0 cc cc

Next we use the change in elevation for midpoints A and B, da and dg, to find the motion components

Pitch—)p:—dA_dO Roll > r=d8=%

Squat 2> V,
XA YB



Anti Forces

Review

Under the action of vertical (W+, Ba, Dr, Fu and Ae), lateral (T or Tg) or longitudinal (A and B) forces,
the chassis transmits loads to the contact patch under the wheels through the suspension components such
as: springs, roll bars, dampers, track bars and other links.

Springs and roll bars are flexible and elastic components that must deform before they can transmit the
loads from the chassis. The amount of deformation depends on their stiffness or “spring rate’. Dampers or
shock absorbers are flexible, visco-elastic components, which means that their deformation is time-
dependent. The force in a damper depends on the velocity of the applied deformation. Dampers also
normally have some level of preload, which is a force and is not time dependent. Track bars and other links
have very high stiffness and will be treated as rigid elements with very small, negligible, deformations
under load.

The springs are always present in the suspension of a racing car. The other suspension components
participate in transmitting loads, from the chassis to the wheels, at varying proportions depending on the
material characteristics of the components (spring rate for the roll bar, shaft speed for the dampers) and the
geometry of the suspension (location of Instant Centre, IC).

When two or more suspension components are present and active, e.g.

e spring + roll bar
e spring + damper
e spring + roll bar + damper

the total force, required for equilibrium, that is passed from the chassis to the wheels is split between the
elements participating in the mechanism in proportion to the stiffness and geometry of the components.

If there are no other suspension components, the springs pass the total load from the chassis to the wheel. If
there are active suspension components, they will take some of the total load and the spring will take the
rest. This smaller spring load results in smaller spring deformations and lower values for chassis motion
(squat, pitch and roll).

The amount of load the suspension elements are capable of developing depends on the geometry of the
components, motion ratios, spring rates and location of the Instant Centre, IC.

Independent suspensions can be used at front or rear corners. For the purpose of this book, live axle track
bar suspensions are used only at the rear. Roll bars are used at the front and/or rear. Dampers can also be
used front and rear. Both independent and track bar suspensions are used in combination with roll bars and
dampers. Springs are always present at all corners in all suspension mechanisms.



Independent Suspension

Under an independent suspension system, the horizontal lateral force induced by a turn produces a vertical
reaction at the wheel contact patch, P, and a horizontal reaction H as shown. A portion of the total wheel
load is passed to the chassis through the deformable components (spring, roll bar, shocks) and the rest is
passed through the rigid links (upper and lower arms).
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The horizontal reaction, H, to the turning force, T, depends on the portion contributed by each tire. The
total H; + H, acting on the front tires is proportional to the amount of mass on the front tires. This portion
can be divided between the front tires by assuming each contributes in proportion to the wheel load on the
corner.

This can not be expressed in a linear equation so we assume the entire turning force is distributed in
proportion to the total wheel load. This assumption is inaccurate when there is a longitudinal force or
aerodynamic load.
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Equilibrium
ZFZ:O P—mF—mRFR—msFS—WUZO

Pa, + H e — mFa, — mgFgra, — msFsa, -w, ay, =0

dividing by ‘a,’
P+H 2 —mF-mgFr —msFs —w, =0
y

Spring, roll bar and damper behaviour
F=k(d+D+mRc) Fr = Kgr (dr*+Dr + mgRc) Fs="fs+fsp

Back substitution

P+ 4P —mk (d+D +MRc) ~ Mg ke( " d +Dg) —ms (fs + fsp) — W= 0
T y m

re-arranging and collecting terms

P[L1+ g £ —mkd —Mgkgdr =MK(D +MRc) + Mgkg (Dg + Mg Re) + MsFs + W,
T y

P [l + — al - KV —mRdeR = mk(D +ch) + mRkR (DR + Mg Rc) + mgFs + w,
y

Individual corners
T
P [1+ W_LT (%)1] — KiVi — Mrikredr = Maky (D1 +MiRe1) + MriKge (Dri + M1 Rer) + MsiFsp +

Wy

T
Ps[1+ W—LT (%)3] — K5V3 — Mrgkrrdr = Msks (D3 +M3Rcs) + MroKrr (Drs + Mrs Res) + MssFss +

Wy
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—Pa, + H e + mFa, + mgFgra, + msFsa, + w, a, =0

dividing by ‘a,

—P+H 2+ mF + mgFg + msFs + W, =0
y

Using a similar algebraic procedure as for the left corner

Individual corners

-
P2 [1- W_LT [f)z] — KaV2 — Mrokredr = MoKz (D2 +MaRc2) + Mrokrre (Dr2 + M2 Rez) + MsoFse

<

-
Ps[1- W_LT (aiyjél] — K4V — Mrgkrrdr = MyKy (Dg +MyRes) + Mrskrr (Dra + Mrs Res) + MssFsy
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Following the same steps as for the left turn case, with due to consideration to the change in sign of the
horizontal forces, we obtain the following:

-
P [1+ W_RT (%)1] = KiVi = Mrikredr = Miky (D1 +MiRe1) + MriKge (Dri + M1 Rer) + MsiFsg +

Wyt
-
Ps[1+ W_RT (a%)s] — K3V3 — Meskrrdr = Mgks (D3 +M3Res) + Meokrr (Drs + Mes Res) + MsaFss
+ Wys
T
Pa[1- W_RT [%)2] — K3V — Mokredr = MoKy (D +M3Re;) + Meokre (Dro + Mra Rez) + MgoFs,
+ Wy2
T
Ps[1- W_RT (%)4] — K4V — Mpgkrrdr = MKy (D +MyRes) + Mrskrr (Dra + Mrs Rea) + MssFsy

+ Wus



Simplified Equations
These equations correspond to Equations [4] through [7] for the Base Case discussed before.

T +T,
P [1+ LR i)l] = KiV1— Mrikredr = Miky (D1 +MiRes) + Mrikre (Dri + Mr1Re1) + MsiFsp + Wy

WT Ay
T, +T,
P[1- I\/;— R (aiyjz] — KoV5 — Mpokgredr = MyK; (D, +MyRc;) + MroKre (Dr2 + Me2 Rez) + MgoFsy + Wy,
T, +T,
Ps[1+ LV:;T R (%)3] — K3V3 — MgskrrOdr = M3Ks (D3 +M3Res) + Mrokrr (Drs + Mz Rea) + MssFss + Wys
T, +T,
Ps[1- L\/:er - [aLyL] — K4V4 — Mrgkrrdr = MKy (Ds #MyRes) + Mpskrr (Dra + Mra Rea) + MssFss + Wig



